Introduction {#Sec1}
============

The asymptotic safety program is an attempt to describe quantum gravity as an ordinary quantum field theory. To overcome the well-known nonrenormalizability of the perturbative quantization, the program needs to assume the existence of a nonperturbative fixed point in the ultraviolet (UV). Concrete continuum calculations using the so-called functional renormalization group equations lend support to this assumption \[[@CR1]--[@CR7]\], but they necessarily involve truncations. Since the reliability of these truncations is ultimately difficult to quantify, it is important to obtain independent evidence for the existence of a UV fixed point from alternative, nonperturbative methods.

Defining a quantum theory by using a lattice regularization is a well-tested method for obtaining nonperturbative results. The arguably most spectacular results of this kind have been obtained in lattice QCD, where the underlying theory is renormalizable, but many observables cannot be calculated by perturbative methods. Lattice field theories are also well suited to finding nonperturbative UV fixed points, which typically are associated with second-order phase transitions. This means that the first step in a fixed point search consists in localizing phase transition points or lines in the space of bare coupling constants.

In nongravitational lattice field theories the lattice approximates a piece of fixed, flat background space-time and the lattice spacing *a* acts as a UV cutoff. Given that in General Relativity space-time itself becomes dynamical, it is natural that in a corresponding lattice field theory the lattices themselves should become dynamical entities also. This is precisely what happens in the approach of Dynamical Triangulations (DT) \[[@CR8]--[@CR21]\] and its Lorentzian counterpart, Causal Dynamical Triangulations (CDT) \[[@CR22]--[@CR30]\]. Curved space-times, which are summed over in the gravitational path integral, are represented in the lattice regularization by *d*-dimensional "lattices" constructed from elementary building blocks, *d*-dimensional simplices of lattice link length *a*, which are glued together in all possible ways compatible with topological and other constraints one may impose. Note that the simplices are not "empty", but are pieces of flat space-time, such that by assembling them one obtains continuous, piecewise flat manifolds, the said triangulations. The working hypothesis is that in the limit as $\documentclass[12pt]{minimal}
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                \begin{document}$$a \rightarrow 0$$\end{document}$ this set of piecewise linear geometries becomes dense in the set of all continuous geometries, assuming that a suitable metric can be defined on the latter.

We focus on the CDT rather than the DT approach to nonperturbative quantum gravity, because only in the CDT case one has observed a second-order phase transition which potentially can be used to obtain a UV scaling limit of the lattice theory.[1](#Fn1){ref-type="fn"} Moreover, considering its conceptual simplicity and simple action (see Eq. ([3](#Equ3){ref-type=""}) below), CDT turns out to have a remarkably rich phase diagram, as a function of the bare inverse gravitational coupling $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta $$\end{document}$. The existence of three distinct phases with corresponding transition lines between them is one of the classic CDT results \[[@CR26], [@CR27], [@CR36]\]. There are two phases *A* and *B* in which no meaningful (from the point of view of General Relativity) semiclassical limit seems to exist, a conclusion one arrives at by monitoring the dynamics of the total spatial volume of the universe in time. By contrast, the phase *C* does display physically interesting behaviour, in that the dynamics generates a quantum universe whose large-scale properties match those of a four-dimensional de Sitter space. While the *A*--*C* phase transition was subsequently shown to be first order, the *B*--*C* transition turns out to be a second-order transition \[[@CR37], [@CR38]\], opening the exciting possibility of finding a UV fixed point and an associated continuum theory.Fig. 1CDT phase diagram in terms of the bare couplings $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta $$\end{document}$, with the phases *A*, *B*, the de Sitter phase $\documentclass[12pt]{minimal}
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                \begin{document}$$C_{dS}$$\end{document}$ and the bifurcation phase $\documentclass[12pt]{minimal}
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                \begin{document}$$C_{b}$$\end{document}$. The last two and the new phase transition line separating them reflect our new, refined understanding of CDT's phase structure. (*Fat dots* and squares refer to actual measurements. The "quadruple point" is based on extrapolation only)

Recently, this picture has been further refined with the discovery of a new transition line cutting diagonally through phase *C* and dividing it into two regions \[[@CR39], [@CR40]\]; see Fig. [1](#Fig1){ref-type="fig"}. A first investigation of the order of the new phase transition has not yielded a conclusive answer on whether it is of first or higher order \[[@CR41]\]. Since it has now become clear that there are two phases instead of the single phase *C*, it is a good time to settle on a definite name and notation for them. To ensure continuity with the previous situation and at the same time be descriptive we suggest "de Sitter phase" ($\documentclass[12pt]{minimal}
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                \begin{document}$$C_{dS}$$\end{document}$) for the phase above the new phase transition ("above" in the usual $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa _0$$\end{document}$--$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta $$\end{document}$ phase diagram), and "bifurcation phase" ($\documentclass[12pt]{minimal}
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                \begin{document}$$C_{b}$$\end{document}$) for the phase below the transition. The transition formerly known as the *A*--*C* transition then becomes the *A*--$\documentclass[12pt]{minimal}
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                \begin{document}$$C_{b}$$\end{document}$ transition. New is the de Sitter--bifurcation transition $\documentclass[12pt]{minimal}
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The properties of the de Sitter phase $\documentclass[12pt]{minimal}
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                \begin{document}$$C_{dS}$$\end{document}$ coincide with those previously associated with phase *C*, including the de Sitter-like scaling of the spatial volume. A de Sitter-like scaling is also observed in the bifurcation phase $\documentclass[12pt]{minimal}
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                \begin{document}$$C_{b}$$\end{document}$, but is modulated there by other dynamical effects, as became apparent when studying the behaviour of the spatial volume in the context of the so-called effective transfer matrix introduced in \[[@CR42]\]. In this setting one studies the CDT system with a minimal total number of time steps $\documentclass[12pt]{minimal}
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                \begin{document}$$t_{\mathrm{tot}}=80$$\end{document}$. While in the latter simulations inside phase *C* the entire (de Sitter) universe is visible, in the transfer matrix setting one only has access to a thin "slice" of the universe. Of course, one has to investigate carefully to what extent the two systems describe the same physics (including phase structure and phase transitions), and to isolate finite-size and finite-time effects. Several of the results presented below contribute to this issue.

A major new result found in the transfer matrix approach is the new phase transition $\documentclass[12pt]{minimal}
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                \begin{document}$$C_{b}$$\end{document}$, between a phase where the three-volume of adjacent constant-time slices tends to align ($\documentclass[12pt]{minimal}
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                \begin{document}$$C_{dS}$$\end{document}$) and a phase where the volume profile is modulated such that the volumes of alternating slices align ($\documentclass[12pt]{minimal}
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                \begin{document}$$C_{b}$$\end{document}$). The latter results in a two-peak structure when one plots the volume-volume correlator of neighbouring slices as a function of their (oriented) volume difference \[[@CR39]\]. This motivated the term "bifurcation phase", since the corresponding plot in the de Sitter phase $\documentclass[12pt]{minimal}
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                \begin{document}$$C_{dS}$$\end{document}$ has only a single peak. Below, we will uncover a dynamical mechanism behind the bifurcation transition $\documentclass[12pt]{minimal}
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                \begin{document}$$C_{b}$$\end{document}$ and give it a more direct interpretation in terms of symmetry breaking. At the same time, this will shed some light on the geometric nature of the bifurcation phase, which at this stage is only incompletely understood.

The reason why such an understanding is not straightforward has to do with the nonperturbative character of the dynamics, which is determined by the interplay between the action and the entropy, that is, the number of configurations (triangulated space-times) for given values of the action. An example of this is the behaviour of CDT near the second-order *B*--$\documentclass[12pt]{minimal}
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                \begin{document}$$C_{b}$$\end{document}$ transition. The original investigation \[[@CR37], [@CR38]\] exhibited unusual features, some of them more reminiscent of a first-order transition. Interestingly, as we will see, these first-order aspects disappear when one employs a different prescription for fixing the overall space-time volume. By performing a quantitative analysis of the entropy factor near the transition, we will give a common explanation for both of these phenomena below.

All results presented in this work contribute to the understanding of the dynamical mechanisms determining the behaviour and phase structure of nonperturbative systems of higher-dimensional (in this case four-dimensional) geometry, about which relatively little is known, compared to the well-studied case of two-dimensional gravity of either signature. To the extent that these properties are driven by "entropic effects", one would expect them to be largely independent of the details of the CDT set-up, and therefore not necessarily confined to this particular approach to nonperturbative quantum gravity.

The remainder of this paper is organized as follows. After a short summary of some vital ingredients of the CDT approach in Sect. [2](#Sec2){ref-type="sec"}, we concentrate in Sect. [3](#Sec3){ref-type="sec"} on the second-order *B*--$\documentclass[12pt]{minimal}
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                \begin{document}$$C_{b}$$\end{document}$ phase transition. We explain a curious dependence of the transition signal on the choice of volume fixing found in previous work by carefully analyzing the entropy factor underlying this behaviour. In the appendix we show that a simple ansatz for this factor can reproduce the characteristic shapes of the transition signals. Section [4](#Sec6){ref-type="sec"} is dedicated to a closer examination of the new bifurcation phase $\documentclass[12pt]{minimal}
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                \begin{document}$$C_{b}$$\end{document}$. It is performed by simulating an ensemble of CDT configurations with minimal time extension $\documentclass[12pt]{minimal}
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                \begin{document}$$t_{\mathrm{tot}}=2$$\end{document}$, which is found to display the same phase characteristics and phase transitions as the more customary large-time ensemble. We obtain a quantitative understanding of the properties of the bifurcation phase in terms of a vertex of very high order that appears on one of the two spatial slices of the system. This enables us to give a direct interpretation of the $\documentclass[12pt]{minimal}
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                \begin{document}$$C_{b}$$\end{document}$ phase transition in terms of symmetry breaking, in this case, the breaking of the homogeneity and isotropy of the average geometry observed in the neighbouring de Sitter phase $\documentclass[12pt]{minimal}
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                \begin{document}$$C_{dS}$$\end{document}$. A summary and conclusions are presented in Sect. [5](#Sec10){ref-type="sec"}.

CDT set-up in a nutshell {#Sec2}
========================

We will briefly review the ingredients of the CDT construction and their notation, to the extent that they are needed in the rest of the paper. A comprehensive description of the set-up can be found in \[[@CR43]\]. The regularized CDT implementation of the path integral for pure gravity takes the form of a sum over distinct causal triangulations *T*. After Wick rotation, it is schematically given as the partition function$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} Z=\sum _{T\in \mathcal{T}} \frac{1}{C_T}\ \mathrm{e}^{-S^{EH}(T)}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$S^{EH}(T)$$\end{document}$ is the Einstein--Hilbert action of the piecewise flat manifold *T* (originally due to Regge) and $\documentclass[12pt]{minimal}
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                \begin{document}$$C_T$$\end{document}$ denotes the order of the automorphism group of *T*, a number equal to 1 in the generic case that the triangulation *T* does not possess any such symmetries. A triangulation can be thought of as assembled from elementary building blocks, the four-dimensional simplices, which in the standard CDT formulation come in two types, depending on their edge length assignments.

Recall that the interior, flat geometry of a *d*-dimensional simplex (a "*d*-simplex") is completely fixed by its edge lengths. CDT configurations have two types of edges, space-like and time-like. All space-like edges have the same proper length squared $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha >0$$\end{document}$ and *a* denotes a UV cutoff that will be taken to zero as the regularization is removed. After Wick rotating, which amounts to an analytic continuation of the parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$-plane \[[@CR43]\], the triangulations still have two different edge lengths (unless $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \ell ^2_{\mathrm{space}\text {-}\mathrm{like}} = a^2,\quad \ell ^2_{\mathrm{time}\text {-}\mathrm{like}} =\alpha \,a^2, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha >7/12$$\end{document}$ to satisfy triangle inequalities.Fig. 2The two types of four-simplex appearing in CDT, the (4, 1)-simplex (*left*) and the (3, 2)-simplex (*right*), interpolating between neighbouring spatial slices of constant integer time *t*. Space-like edges are drawn in *blue*, time-like ones in *red*

In addition to the Minkowskian geometry of its simplicial building blocks, the causal character of CDT quantum gravity is reflected in the gluing rules for the four-simplices, which are such that the causal (=light cone) structure of each triangulation *T* is well defined. In standard CDT this is achieved through the presence of a stacked structure associated with the presence of a discrete time parameter *t*.[2](#Fn2){ref-type="fn"} A causal triangulation consists of a sequence of three-dimensional spatial triangulations, each labelled by an integer *t*, with four-dimensional space-time simplices interpolating between adjacent slices of constant times *t* and $\documentclass[12pt]{minimal}
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                \begin{document}$$t+1$$\end{document}$. In the present work, the spatial slices will have the topology of the three-sphere.

The two four-simplex types mentioned above are precisely those that are compatible with this stacked or layered structure. They are the (4, 1)-simplex (together with its time-reflection, the (1, 4)-simplex) and the (3, 2)-simplex (together with the time-reflected (2, 3)-simplex). A (4, 1)-simplex shares a purely space-like three-simplex (spanned by four vertices) with the three-dimensional triangulation at time *t* and a single vertex with the spatial triangulation at time $\documentclass[12pt]{minimal}
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                \begin{document}$$t+1$$\end{document}$. It follows that a (4, 1)-simplex has 6 space-like and 4 time-like links, and a (3, 2)-simplex has 4 space-like and 6 time-like links (see Fig. [2](#Fig2){ref-type="fig"}). Analogous statements hold for the (1,4)- and (2, 3)-simplices when interchanging *t* and $\documentclass[12pt]{minimal}
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Since there are only two geometrically distinct building blocks, the Einstein--Hilbert--Regge action (including a cosmological constant term) assumes a simple form in terms of the global "counting variables" $\documentclass[12pt]{minimal}
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                \begin{document}$$i=0,1,\ldots ,4$$\end{document}$, which for a given triangulation *T* count the number of *i*-dimensional simplices contained in *T*. Below, we will use the numbers $\documentclass[12pt]{minimal}
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                \begin{document}$$N_4^{(3,2)}$$\end{document}$ of the two different types, where by definition these numbers count building blocks of either time orientation, for example, $\documentclass[12pt]{minimal}
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                \begin{document}$$N_4 ^{(4,1)}$$\end{document}$ is the number of (4, 1)- and (1, 4)-simplices together. Since they occur frequently in our formulae, we will use $\documentclass[12pt]{minimal}
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Following a space-time configuration and measuring its *x*-value as a function of Monte Carlo time, one finds that *x* is located close to one of the peaks for some time and then makes a very rapid change to the other peak where it again stays for some time. (Examples of Monte Carlo time histories of order parameters, albeit in a slightly different context, are depicted in Fig. [9](#Fig9){ref-type="fig"} below.) This is precisely the behaviour expected at a first-order transition, for sufficiently small volumes. However, for a genuine first-order transition such a cross-over between different phases will be suppressed as the system size goes to infinity. The absence of such a behaviour for increasing volume led to the more detailed investigation of \[[@CR37], [@CR38]\], with the outcome that the *B*--$\documentclass[12pt]{minimal}
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In the following, we will demonstrate that the observed dependence of the distribution of *x* on the volume fixing has its origin in the function that counts the number of configurations (including their symmetry factors $\documentclass[12pt]{minimal}
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The bifurcation phase {#Sec6}
=====================

Having exhibited one aspect of the nonperturbative dynamics of CDT near the *B*--$\documentclass[12pt]{minimal}
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Equivalence with large-time simulation {#Sec7}
--------------------------------------
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Singular vertices {#Sec8}
-----------------

A key feature of the bifurcation phase, already reported in \[[@CR40]\], is the appearance of a single "singular" vertex[8](#Fn8){ref-type="fn"} of very high coordination number (this is the number $\documentclass[12pt]{minimal}
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Singular vertices cause bifurcation split {#Sec9}
-----------------------------------------

In the following, we will provide further evidence that phase $\documentclass[12pt]{minimal}
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                \begin{document}$$C_{b}$$\end{document}$ is associated with the appearance of singular vertices and that they can be viewed as the decisive characteristic of the bifurcation phase. More specifically, we will establish a quantitative relation between the "bifurcation split", the observed typical volume difference between neighbouring spatial slices \[[@CR40], [@CR41]\], and the order of the singular vertex present. We will set $\documentclass[12pt]{minimal}
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To analyze the geometry of the triangulations with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t_{\mathrm{tot}}\! =\! 2$$\end{document}$ in greater detail, we will use a variant of the notion of vertex order, which for a given vertex *v* counts the number of (4, 1)-simplices between the two slices that share the vertex *v* and have a spatial three-simplex in common with the spatial slice *not* containing *v*. Using this definition,[9](#Fn9){ref-type="fn"} we will call $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$O_{\max }$$\end{document}$ the maximal vertex order occurring in a given two-slice configuration. When a singular vertex is present, $\documentclass[12pt]{minimal}
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                \begin{document}$$n\! -\! m$$\end{document}$ of the spatial-slice volumes (same specifications as in Fig. [11](#Fig11){ref-type="fig"})

The vast majority of configurations lie in the region where $\documentclass[12pt]{minimal}
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The interesting new finding from our data is that the expectation value $\documentclass[12pt]{minimal}
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                \begin{document}$$n-m$$\end{document}$ between the two spatial volumes, where again the slice with the lower volume *m* is the one containing the highest-order vertex. This linear relation is illustrated in Fig. [12](#Fig12){ref-type="fig"}. Extrapolating $\documentclass[12pt]{minimal}
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                \begin{document}$$ n\! -\! m $$\end{document}$ down to zero one obtains a vertex order of around 400, in agreement with Fig. [11](#Fig11){ref-type="fig"}. We conclude that the bifurcation phenomenon, observed in previous studies of the effective transfer matrix \[[@CR40]\], seems to be a function of the appearance of singular vertices.

The particular choice of coupling constants for which the above results have been obtained is associated with specific expectation values for both the highest vertex order $\documentclass[12pt]{minimal}
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                \begin{document}$$O_{\max }$$\end{document}$ has an approximate Gaussian distribution peaked at 675 with standard deviation around 50. Although it is not very visible on the scatter plot of Fig. [11](#Fig11){ref-type="fig"}, there are therefore many fewer configurations with vertex order 500 or 900, say, than there are with vertex order 700. Furthermore, for each given value of $\documentclass[12pt]{minimal}
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                \begin{document}$$n\! -\! m$$\end{document}$ is approximately the same and coincides with the one determined by the effective action associated with the effective transfer matrix. This implies that the width is not a function of the vertex order for fixed values of the coupling constants.

The much rarer configurations with $\documentclass[12pt]{minimal}
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                \begin{document}$$O_{\max }\lesssim 400$$\end{document}$ have a special status, a fact that becomes clear when studying the maximal vertex order as a function of Monte Carlo time. As shown in Fig. [13](#Fig13){ref-type="fig"}, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Finally, we would like to understand whether there is just one singular vertex in a given spatial slice or whether further vertices with exceptionally high order can appear in the same slice when the system size goes to infinity. Studying $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$O_{\max }/N_{41}$$\end{document}$ is a finite fraction of 1, there can be at most a finite number of similarly "singular" vertices in the limit $\documentclass[12pt]{minimal}
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Summary and conclusion {#Sec10}
======================

In this paper we have investigated the bifurcation phase $\documentclass[12pt]{minimal}
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                \begin{document}$$C_{b}$$\end{document}$ phase transition is of second order \[[@CR37], [@CR38]\].
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                \begin{document}$$t_{\mathrm{tot}}$$\end{document}$ (as a long or short compactified time direction) has an influence on the observed phase structure. In the measurements presented above we have not found any indication that this is the case. The *B*--$\documentclass[12pt]{minimal}
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                \begin{document}$$t_{\mathrm{tot}}$$\end{document}$, and clearly visible for appropriate choices of order parameters. There are preliminary indications that this transition could be of higher order too \[[@CR41]\], but more extensive simulations are needed to obtain more conclusive results.

The equivalence between long and short $\documentclass[12pt]{minimal}
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                \begin{document}$$t_{\mathrm{tot}}$$\end{document}$ motivated our further study of the properties of the bifurcation phase by considering the somewhat simpler two-slice system. We showed that the behaviour of the highest-order, "singular" vertex that appears in this phase is directly related to the previously observed tendency of the neighbouring spatial slices to develop a non-vanishing mean volume difference or "bifurcation split". More specifically, the maximal vertex order $\documentclass[12pt]{minimal}
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                \begin{document}$$O_{\max }$$\end{document}$ scales linearly with this volume difference. This gives us a more detailed, geometrical understanding of the mechanism behind the bifurcation split: a finite fraction of the (4, 1)-simplices between the two spatial slices clusters into a half-diamond whose tip is the singular vertex. This half-diamond forms a substructure, which is embedded in the rest of the triangulation and leads to a corresponding "excess" of three-volume of the slice *not* containing the singular vertex.

At the same time, the appearance of a singular vertex[11](#Fn11){ref-type="fn"} when crossing into phase $\documentclass[12pt]{minimal}
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                \begin{document}$$C_{b}$$\end{document}$ from the de Sitter phase signals a breaking of the homogeneity and isotropy of geometry present in the de Sitter phase on scales above the cutoff scale. It suggests that the bifurcation--de Sitter phase transition can be associated with the breaking of a symmetry, a situation common in non-geometric statistical systems.
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                \begin{document}$$C_{b}$$\end{document}$ phase transition resembles the phase transition between the branched-polymer and the crumpled phase in (Euclidean) Dynamical Triangulations. The DT configurations in the branched-polymer phase appear to be homogeneous and isotropic (although not in any sense that is associated with a four-dimensional space-time), while configurations in the crumpled phase are characterized by the appearance of two distinguished, singular vertices of very high order and a singular link in between them \[[@CR47]--[@CR49]\]. Unfortunately, in this purely Euclidean quantum gravity model the phase transition between the two phases is only a first-order transition, even in extended DT models with an additional coupling constant, as already mentioned in the Introduction. In CDT we may be in the more exciting situation that the analogous $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{dS}$$\end{document}$--$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{b}$$\end{document}$ phase transition is of second order, like the *B*--$\documentclass[12pt]{minimal}
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                \begin{document}$$C_{b}$$\end{document}$ transition, and therefore it may be used to define a continuum theory of quantum gravity.

From a more general perspective, our investigation has given us additional insights into the type of mechanisms that can drive the nonperturbative dynamics of systems of (a priori) higher-dimensional geometry and the appearance of phase transitions, our understanding of which is rather limited. A conclusion we can already draw at this stage is that the phase structure of Causal Dynamical Triangulations in four dimensions, despite the presence of only two tuneable bare parameters, is amazingly rich and presents us with further opportunities to uncover viable continuum theories of quantum gravity.

Appendix {#Sec11}
========

In this appendix we construct a simple model function $\documentclass[12pt]{minimal}
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                \begin{document}$$N_{32}$$\end{document}$ as indicated. The motivation behind this ansatz is that it can in principle account in a simple way for the observed single- and double-peak structure of the probability distributions of the parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$x\! =\! N_{41}\! -\! N_{32}$$\end{document}$, as follows. Assume that all $\documentclass[12pt]{minimal}
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                \begin{document}$$N_{4}\! =\! N_{41}\! +\! N_{32}$$\end{document}$, the model function $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal F$$\end{document}$ will be a fourth-order polynomial in *x*, and can in principle account for the double peak in the observed probability distribution $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar{P}(x)$$\end{document}$ depicted in Fig. [3](#Fig3){ref-type="fig"}.

On the other hand, it is clear that the ansatz ([24](#Equ24){ref-type=""}) with quadratic functions $\documentclass[12pt]{minimal}
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                \begin{document}$$g_i$$\end{document}$ cannot be the whole story, because it would make the associated probability distribution $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal F$$\end{document}$ according to Eq. ([17](#Equ17){ref-type=""}), a pure Gaussian. However, the standard deviation calculated using ([18](#Equ18){ref-type=""}) would then be independent of the coupling $\documentclass[12pt]{minimal}
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                \begin{document}$$\kappa _{32}$$\end{document}$, and could not give rise to a peak like the ones shown in Fig. [8](#Fig8){ref-type="fig"}. The fact that there is an ansatz which produces a double peak in $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{P}(x)$$\end{document}$ further corroborates the original statement in \[[@CR37], [@CR38]\] that the presence of a double peak is not per se related to a (first-order) transition.

We will now show that using the ansatz ([24](#Equ24){ref-type=""}) in the rectangular region $\documentclass[12pt]{minimal}
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                \begin{document}$$g_i$$\end{document}$, they can be determined uniquely from the data, without assuming any specific functional form for them. Also the constants $\documentclass[12pt]{minimal}
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                \begin{document}$${F}(N_{41}, N_{32})$$\end{document}$ up to noise in the data.

The additional constraints we impose are$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\langle g_1(N_{41}) \rangle _{N_{41}}=\langle g_2(N_{32}) \rangle _{N_{32}}= \langle g_3(N_{41}) \rangle _{N_{41}}\nonumber \\&\quad =\langle g_4(N_{32}) \rangle _{N_{32}} = 0,\nonumber \\&\langle g_3(N_{41})^2 \rangle _{N_{41}}=\langle g_4(N_{32})^2 \rangle _{N_{32}} = 1, \end{aligned}$$\end{document}$$where for each of the two variables $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z=N_{41},N_{32}$$\end{document}$ the average $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \langle f(z) \rangle _z := \frac{1}{z_{\max }\! -\! z_{\min }\! +\! 1}\; \sum _{z=z_{\min }}^{z_{\max }} f(z). \end{aligned}$$\end{document}$$Taking into account the relations ([25](#Equ25){ref-type=""}), three of the unknown quantities can be constructed directly from the measured function $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&c_1 = \langle F(N_{41}, N_{32})\rangle _{N_{41},N_{32}}, \nonumber \\&g_1(N_{41}) = \langle F(N_{41}, N_{32})\rangle _{N_{32}} - c_1,\\&g_2(N_{32}) = \langle F(N_{41}, N_{32})\rangle _{N_{41}} - c_1,\nonumber \end{aligned}$$\end{document}$$where the first equation involves a double average. We can find the remaining functions $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\Phi _{N_{41}, N_{32}} := F(N_{41}, N_{32}) - c_1 {-} g_1(N_{41}) {-} g_2(N_{32}),\end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {F}}(N_{41}, N_{32})$$\end{document}$ we have to minimize the error function *E*, defined as$$\documentclass[12pt]{minimal}
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To summarize, we have demonstrated that a simple ansatz like ([24](#Equ24){ref-type=""}), with quadratic functions $\documentclass[12pt]{minimal}
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A phase transition observed in DT was originally thought to be second order \[[@CR19]--[@CR21]\], but subsequently shown to be first order \[[@CR31], [@CR32]\]. Recent attempts to enlarge the coupling constant space of DT in search of second-order transition points have so far not been successful \[[@CR33]--[@CR35]\].

There is an alternative version of CDT, using so-called locally causal dynamical triangulations (LCDT) \[[@CR44]\], where the causal structure is only implemented locally, without referring to a preferred global lattice time slicing. This can be achieved by introducing new types of building blocks (with edge lengths still given by Eq. ([2](#Equ2){ref-type=""})). In three space-time dimensions, this approach has produced results compatible with those of CDT \[[@CR45], [@CR46]\], at the expense of considerable additional computational complexity.

We will use an over-bar notation $\documentclass[12pt]{minimal}
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                \begin{document}$$t=2$$\end{document}$. This is done to maintain a regular triangulation, where by definition any (sub-)simplex is uniquely identified by its vertices, and happens purely for convenience of our computer code.

Many different definitions of "vertex order" and normalization are possible, leading to qualitatively similar results. The normalization chosen here is a division by the maximal number of edges that could meet at a vertex in a triangulation that has the same numbers of vertices in the two spatial slices as the given triangulation *T*. This theoretical maximum would entail that the vertex is connected by an edge to every other vertex in the same spatial slice and to every vertex in the neighbouring spatial slice.

Another difference is that in previous work \[[@CR40], [@CR41]\] $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta $$\end{document}$ is varied. We therefore do not expect physical results in this region to depend on the type of volume fixing.

Strictly speaking, there is nothing singular about these vertices from the point of view of piecewise linear geometry at finite volume. We will nevertheless stick with this notion, which was originally coined in the context of Euclidean Dynamical Triangulations \[[@CR47]--[@CR49]\].

We have checked that other notions of vertex order, including the coordination number $\documentclass[12pt]{minimal}
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                \begin{document}$$n_c$$\end{document}$ defined in subsection ([4.2](#Equ8){ref-type=""}), lead to equivalent results. The vertex order used presently is convenient since it is directly related to the diamond volume.

Of course, these statements should be understood as statistical statements, arrived at by analyzing many configurations.
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To improve the quality of the fit, the quadratic functions we used are slightly different from the quadratic functions shown in Figs. [15](#Fig15){ref-type="fig"} and [16](#Fig16){ref-type="fig"}, since most of the region of the diagonal line $\documentclass[12pt]{minimal}
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                \begin{document}$$N_4=40k$$\end{document}$ in Fig. [5](#Fig5){ref-type="fig"} used in the fit is outside the rectangular region used to determine the functions shown in Figs. [15](#Fig15){ref-type="fig"} and [16](#Fig16){ref-type="fig"}.
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